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THE LAWSOF MOTION

The three laws that govern motion are usually attributed to |saac Newton. They are:

1. Every body continues in its state of rest or of uniform motion in a straight line
unlessit is compelled to change that state by forces impressed upon it.

2. Rate of change motion is proportional to the impressed force, and isin the direction
in which the force acts.

3. To every action there is always an equal an opposite reaction.

The bodies referred to in the First Law should be taken to be particles. Particles are
idealizations of objects that have no size. The Laws of Motion can, in most cases, be
generalized to systems of interacting particles, although care must be taken in some
specific instances.

The tendency of a particle to continue in a state of rest or uniform motion is called
inertia. Mass is the quantitative measure of inertia of a body and it is given numerical
value by comparison to astandard. Aninertial reference frameisoneinwhich Newton's
First Law holds strictly. Such a frame is also an idedlization rather than a physically
realizable frame.

Changesin position are measured in terms of distances and times. Distances and times
are given quantitative meaning by comparison to standards.

The concept of motion in the Second Law can be given gquantitative measure as the
momentum of a particle. If mis the mass and v is the rate of change of position, then
the momentum p is given by p = mv. Newton’s Second Law then can be expressed as a
vector equation,

_dp rndv
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Conceptually, forces are pushes or pulls. The fundamental forces of classical mechan-
ics are either the gravitational force or the electromagnetic force or some manifestations
(friction, viscosity, contact, etc.) of these which may obscure their true origins. Forces
are given guantitative meaning through Newton's Second Law which connects force to
quantitative measures of mass, length and time.
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Newton’'s three Laws of Motion are based on experiment and cannot be proved or
derived.

VECTORS

There are two aspects to motion. The first is called kinematics and the second is called
dynamics. Kinematics is purely the description of motion independent of the laws of
physics which govern it. The latter study is dynamics. We are particularly interested
in the dynamics of particles and systems, but before we turn to dynamics, we have to
develop a mathematical language for describing motion.

We will be concerned with two kinds of quantitites. Thefirst, called scalar quantities,
are characterized by magnitude only and are represented by ordinary real numbers. Time
and temperature are scalar quantities. Other quantitites have the combined characteris-
tics of magnitude and direction. These are represented by mathematical objects called
vectors. Relative position, velocity, force and acceleration are vector quantities.

In three-dimensional space, you can think of avector asadirected line segment having
length (magnitude) and direction. You may also think of it in terms of an ordered set of
three scalar components. In texts, vectors are usually represented in bold face.

a= (ag,ap,az)

The essential characteristics of vectors are the following:

Equality of Vectors

Two vectors a and b are equal if and only if their respective components are equal,
i.e.a=b meansthat a; = by, ap = by and ag = bs.

Vector Addition

a+b=(ag,ap,a3)+ (by,bp,b3) = (a1 + b1,a2+ by, a3+ bs)

Vector Subtraction

a—b=a+(—1)b=(a;—by,ap—by,a3—bz)

Null Vector

There exists anull vector 0 such that a0 = a.



Commutative Law of Addition
at+tb=b+a
Associative Law of Addition

a+(b+c)=(a+b)+c
In component form this can be written:
(a1+ (bp+c1),a2+ (b2 +C2), a3+ (b3 +C3))

= ((ag+b1) +c1, (a2 +b2) + 2, (a3 + bg) 4 C3)

Multiplication of a Vector by a Scalar

There are several kinds of multiplication defined for vectors. Let p be ascalar and let
a be avector. Then,

pa= p(a1,az,a3) = (pa, paz, pag)

Scalar Multiplication of Vectors,; Dot Product

There are two kinds of multiplication defined for vectors with vectors. The first is
called the dot product.

a-b = |a||b| cosb = Ea;bi = aby.

Here, |a| isthe magnitude of a, i.e.,

a| = (/a2 + a5+ a5 = \/aa,

and 6 is the angle between the directions of a and b. Very often, for brevity, an index
such asi in the expression a;g; that is repeated exactly twice will imply a summation on
that index. In such cases the summation sign ¥ is not written and the index i is said to
be adummy index because when you actually write out the expression, it is replaced by
1s, 2sand 3s. Such isthe case for

aa = Yy aa =aj+85+a;=aja;.

The dot product of two vectors is itself a scalar; hence this form of multiplication is
described as “scalar multiplication” of vectors.



The following are theorems for the dot product:
a-b=D>b-a

a-(b+c)=a-b+a-c
p(a-b) = (pa)-b=a-(pb) = (a-b)p

Vector Multiplication of Vectors; Cross Product

The second kind of multiplication produces avector. Again 6 isthe angle between the
directions of a and b. We then have,

c=axb=|a||b|sinbN,

where n isavector of unit length and direction perpendicular to the plane which contains
both a and b. The directionisfurther defined by aright hand rule, i.e., the direction of A
Is the direction the thumb of our right hand would be pointing if you pointed the fingers
of your right hand along the direction of a and curled them toward the direction of b.
In truth, the cross product is not a true vector, but rather is a pseudovector. It does have
magnitude and components like a vector, but its direction is ambiguous and has to be
defined artificially by aright-hand-rule. Physical quantities, such as the magnetic field,
that are represented by pseudovectors do not have a true direction, but are given one
artificially by aright-hand-rule.

We may also write,
C = géijkaj bk = 6ijkaj bk
J'/

where, again, the repeated indices j and k indicate a sum and are dummies. The symbol
dijk Isa3 x 3 x 3 matrix called the Levi-Civita tensor. If i, j and k have the values 1, 2
and 3 respectively or any even permutation of (123), then §;jx = +1. If thevaluesof i, j,
and k respectively are an odd permutation of (123) then §;jx = —1. Otherwise (such asin
the case of two indices being the same), 6;jx = 0. (Think of the indices as labeled beads
on aloop of string. An even permutation is one you can get by simply moving the beads
counterclockwise or clockwise aong the loop to change their order as they sit in your
hand. Thus (312) and (231) are even permutations of (123). An odd permutation, on the
other hand, is one for which you would have to exchange the positions of two adjacent
indices. Thus (213) and (132) are odd permutations of (123).) While this form takes
a little getting used to, it can be a powerful way of writing and manipulating vectors.
Please note that it is the ith component and not the full pseudovector that is given by the
subscript form.
We have the following theorems:

axb=—-bxa

ax(b+c)=axb+axc
p(axb) = (pa) xb=ax(pb) = (axb)p



Unit Vectors

We define a special set of vectors that have unit length. Usually (almost always) we
will choose three vectors that are mutually orthogonal. Thus,

é = (1,0,0)
& =(0,1,0)
&=(0,0,1)

However, observe that in thisinstance the subscripts are used to number the three unit
vectors rather than specify components of the vectors. With thisin mind and given that
the three unit vectors are ordered by aright-hand-rule, i.e., that the direction of &; isthe
direction of & x &,, we have

& - & = djj
where §jj is amatrix whose values are 1 if i = j but O otherwise. Using the convention
that arepeated index implies summation on that index, we may also write,
& x & = djjKb«-
An arbitrary vector may be written in terms of unit vectors,

a=(ay,ap,a3) = a1 + aéy + agls.

Derivatives of Vectors

The derivative of a vector with respect to a scalar is defined by:

da . alt+At)—a(t)
— = |lim )
dt At—0 At

One may easily show that

d _da dp
a(pa) = pa‘i‘aa

d db da
a(a~b)_a-a+a-b

d db da
a(axb):ax a+axb.

Aslong asthe direction and length of the unit vectors is unchanging, we may write,
da da;, ~dap, dag, _da,
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Directional Derivative, dypg

1. ¢(x1,%2,X3) = ¢ where c is a constant defines a surface in Cartesian coordinates.
If the constant c is changed by a small amount, a second surface near the first is
defined. An example of such a surface would be the sphere defined by

X4y + 7 =a’.

In the example, a isthe radius of the spherical surface. Changing a creates a nested
set of spherical surfaces.

2. Suppose P and Q are two points that are on separate surfaces that are close together
so that P and Q are close together. The chain rule of differentiation gives us an
estimate of the change in 1 as one moves from P to Q.

m,

oy
d = —dx
YpQ o%e 1%—8X2

X2 + g—:(‘;dxe,.
Using subscript notation and summation convention, this can be written,
dypg = diypdx; = Viydx;.
We may also define a vector ds which connects P to Q,
ds= dx18;1 + dx2& + dx3é3 = dx;§
and define the gradient of  as,

Thus,
dypg = V- ds.

3. Observe that if P and Q were in the same surface, dypg = 0 for a ds connecting
them. This means that the gradient would have to be perpendicular to the surface at
each point on the surface.

Transformation of Vectors

Consider two sets of orthogonal unit vectors &;,&,&; and &,&,,&,. The second set
is rotated in a completely general way relative to the first so that there is an angle a1
between & and &;, an angle a12 between & and &, etc. We may use either of these two
sets of unit vectors to express an arbitrary vector a,

a=ag=a¢.
We may form a dot product of these expressions with one of the unit vectors of the

second set to form,
a(&-&)=2((& &)



But é’J -& =9ji. Thus
/
4
If we define a matrix S of the cosines of the angles between the primed and unprimed
axes, the elements of the matrix are defined to be §j = cos(aij), i.e.,

= C0S(0Lji ) 8.

a’j = §jig;.
Using asimilar argument one can also show that
3j =S;&.

Thematrix Sis called the transformation matrix, the elements of the matrix §; are called
the transformation coefficients and the set of cosaij are called the direction cosines of
the primed axis set relative to the unprimed set. It is also easily shown that

& =S8,

where, again, the repeated index implies summation.

| ndex notation for Cartesian vectors

The symbol &;; is caled the Kronecker delta. It is a 3x3 matrix whose elements are
lifi=jand0ifi+# j. The symbol ojjk is called the Levi-Civita tensor. It is a 3x3x3
matrix whose elements are 1 if (ijk) stand for an even permutation of (123), -1 if (ijk)
stand for an odd permutation of (123), and O if any two indices are the same. (123) are
labels for the axes of aright-handed, Cartesian coordinate system.

Unless otherwise indicated, it is assumed that there is a summation on repeated
indices.

a-b = ab; (dot product)

c=axb , G = Ojjkajbk (cross product)

det(ajj) = agiagjaskdijk

det(aj) = aj1aj2ax30i jk (determinant)

V-a=Vig (divergence)

c=Vxa ; G = djjkVjax (curl)

Vy =g Viy (gradient)

VA = ViViy (Laplacian)
Therules are:

1. Repeated indices mean “sum”. The repeated index is a dummy and may have any
symbol as an index that is otherwise unused in a particular term.

2. No more than two identical indices are allowed in any term.
3. The operator V; = 9/dx; operates on everything to its right.



Example: Viajbx = ajVibk + b Via
4. The operator V; operating on a Cartesian coordinate, x; yields 1if i = j, but yields
Oifi#j.
Vixj = 8jj, where
dij =0 ifi#
=1 ifig] (Kronecker delta)

5. Products of Kronecker deltas may be reduced if an index is repeated (summation).

9ijOkj = dik
but 8jdi; = 0jj =3 (trace of jj)

6. Relationships among elements of the L evi-Civita tensor.

8ijk = —djik = —dikj = —Okii (odd permutations)
Oijk = Okij = Ojki (even permutations)

7. Products of Levi-Civitatensors may be reduced if anindex isrepeated (summation)
with the following pattern:

9i jkOilm = 1 Okm — Ojmdki

Example:
(@axV)-r = 8jjkaj ViXi
= 0j jka Oki
= 0iji]

POSITION, VELOCITY, ACCELERATION

The position r of aparticle relative to achosen origin is avector quantity. Like any other
vector, it can be written,
r = Xiéi .

The magnitude of r is a scalar quantity given by r = ,/XiX;. The time derivative of r is

the velocity v,
o . d, .. .. _d§
V= i r= a(x|ei) =Xi§ —i—X.E.
In a coordinate system that is fixed in space, the unit vectors are constant in magnitude
and in direction. In this case the time derivatives of the unit vectors vanish and we may
write,
V=X§.



The magnitude of the vector v isthe speed v. In afixed coordinate system,
V= /XX.

The time derivative of the velocity is the acceleration,

_dv_ d’r
Codt T dt2 T
In afixed coordinate system,
dxi . . .
a=—§& =X%8§.
dta i€

Sometimesit is convenient to use a set of unit vectorsthat isnot fixed in space. While
the unit vectors continue to have constant unit length, their directions may be changing.
As a result the unit vectors have time derivatives that do not vanish. There are two
circumstances where this commonly occurs.

First, consider a particle moving along a curved path through space. Let T be a unit
vector tangent to the particle’s path. As the particle moves from point to point along the
curved path, T changes direction. At two times separated by At,

(LA = 2(t) + di.

You can think of the three vectors in this expression forming a small triangle with an
angle do between t(t + At) and t(t). Then,

V=Wt
and,
a= dv _ d—VA+vd—%
Tdt di o dt
If At isvery small, d6 is very small and dt is (almost) perpendicular to T. Let f be

a unit vector along dt in the limit that At — 0. The magnitude of dt is (1)d6. Hence,
dt = don. Dividing by dt, we have,

dr_ 99, _on

d d
and, g

a:d—\t/%+véﬁ.

For At small, the particle can be thought of as moving along a path that can be approxi-
mated as a short segment of acircle with radius p. Then v = p6 and,

. dv.. N V2 "
=T+ —N.
dt P
In general theradius of curvature p will be afunction of the position of the particle along
itstrajectory. The formulaisinstantly applicable to particles moving in circlesfor which



p is the radius of the circle. We observe that acceleration has a tangential component
dv/dt long its tangent and a centripetal component v2/p towards the center of the arc of
its trajectory. Compare this with the form of a = X;& in a fixed coordinate system. Both
are correct. The two are just different ways of describing the same thing.

Second, consider a frame of reference F’ with a set of unit vectors &. Assume
that the set is rotating in some arbitrary fashion. To characterize the rotation, we will
invent a pseudovector which we will call the angular velocity w. We will imagine the
instantaneous rotation to be about some axis along which we will put aunit vector A. To
give adirection to w we will define a positive rotation along A by aright-hand-rule, i.e.,
the rotation is positive if the thumb of your right hand points along A when your fingers
curl forward in the direction of the rotation.

As the result of an infinitesimal rotation of the system of unit vectors, the unit vector
&1 changes direction such that

g (t+At) = & (t) + d&].

Since At issmall, d& is perpendicular to & so that we may write,
d&), = (ds2)&, + (dss)

where ds; = (1)d63 and dsz = (1)d6,. Dividing by dt,

If we now identify the 6s to be the components of a pseudovector w in the primed set,

then R
d—e(l—w’é( — 058 = w x & = 81k& w|
dt — W3R 2%3 — 1 = O1jk€jW.
The negative signin front of w’, arises because aright-hand screw twisted in the sense of
increasing 6, is a negative rotation about & by the right-hand-rule that gives directions
to rotations. We can derive similar expressionsfor & and &. All three such relationships
are summarized by,

é(e = egé{z + ézé&.

% =wx g :Bijké(jwf(-

Now consider two framesF and F’ each with origins O and O’ and sets of unit vectors
& and & respectively. The unprimed frame is fixed in space and its unit vectors are
constant. Assume that F’ is moving relative to F with arbitrary translation and rotation.
Let r bethe position of aparticlerelativeto O, r’ be the position of the same particle but
with respect to O'. Finadlly, let R be the position of O’ with respect to O. Then

r=r'+R.

The vectorsr, r’ and R can all be expressed either in terms of & or & with different sets
of components in the two systems related by a transformation. One of the several ways
we can writer = r’ + R interms of unit vectorsis,

X8 =X& +X8.



Be careful to note that we have chosen to expressr’ in terms of & but have expressed
r and R in terms of &. We could also have written r’ = x*& where the asterisk is used
to indicate components of r’ in the unprimed system, but it would not have served our
purpose as you will see below.

If we differentiate with respect to time,

dé o
X8 =X¢& +x df'{+>ﬁei.
Using, i
%zwxé{,
we have,

v=V+woxr +V,.
If we differentiate again with respect to time,

dv_d_v+d_m 4o dr+dVO
d dt dt dt = dt
Using,
a_,
dt
dv’/ ,
H x’e,( =d+oxV
do ,
o t (0E) =0+ (oxn) =0
dr’ ,
@ x’e{ =V +woxr
dv
=A
dt 0
we then have

a=a+2woxV+oxr' +wx (oxr’)+Ap.

In this form, we have the acceleration expressed as a series of terms. The first term on
theright isthe acceleration of the particlerelativeto O/, the second is called the Coriolus
term, the third is the transverse acceleration, the fourth is the centripetal acceleration
and the fifth is the acceleration of O’ relative to O. We will return to this equation later,
but derive it here to emphasize that when the unit vectors are themselves changing with
time, care must be taken if motion isto be correctly described in such a system.



PROBLEMS

1. Let

a:(]" Y )7
b:(]'? ) )7

and the matrix A,
01 2
A= 4 2 0
103

Evaluate explicitly
a-b = gy,
Ci = djjkajbx,
G = Aijaj,
G = Ajiaj,

Aii,

d = aAjb;.

2. To gain experience in using the summation convention for Cartesian vectors, prove
the following:
a-b=b-a

axb=-bxa
ax(bxc)=Db(a-c)—c(a-b)
ax(b+c)=axb+axc
(axb)x(cxd)=(axb-d)c—(axb-c)d
(axb)-(cxd)=(a-c)(b-d)—(a-d)(b-c)

a adx ag
by by bz
Cit C C3

a-bxc=

3. A vector a has components (1,1, 1) in a Cartesian system. What are its components
in a system obtained by a +60° rotation about the x»-axis? Note that the sense of
positive rotation is given by aright-hand-rule.



