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INTRODUCTION

Cartesian coordinates are the familiar rectangular coatdsx;. They have the dimen-
sions offlength] so that speed has the dimensionf efgth] /[time] and acceleration has
the dimensions ofl ength] /[time]2. But what if you wish to use plane polar coordinates,
r and@? Theta does not have the dimension of length. How then shaildrite down
an expression for acceleration in terms of polar coords@aWhat we attempt below is
to deal with so-called generalized coordinates so that wénew to write down correct
expressions for positions, velocities and acceleratidveswill try to do it in a general
way so that we do it once and for all for plane polar coordisatglindrical coordinates,
spherical coordinates, parabolic coordinates and somelicabe systems you haven't
even made up yet.

Unless otherwise indicated, it is assumed that there is ar&tion on repeated
indices.

Definitions
& (unit vectors)
a=ag (physical components;)
g,dd (generalized coordinate, differential)
ds (differential line element)
bj % (basis vectors)) .
a=Ab; (contravariant component&)
b' = Oq (reciprocal basis vectorb!)
a=Ab (covariant componentsy)
gij=Dbi-b (covariant metric tensog;j )
g!=b"-b! (contravariant metric tensag!!)
rk =bk. g—gj (Christoffel symbolsFK)

T = 1/2m(ds/dt)?

(kinetic energy)

\ (potential energy)
F=-0V (covariant force componerf,)
L=T-V (Lagrangian)



Theorems

ds= dq'b;
ds? = gljdqidqj
b' bj = 6'
\/gTA (no sum on (ii))
gl]gjk 6
A= gIH(A]
Al = gKA,
bl = gljb]
bl _ gljb
ab, . abJ

I'k '31 %(0gi1/0q) +ag; /od —agij/0d)  (Christoffel symbols)

If a=a@& = Ab; = Ab' is acceleration:

Ak = (q +qq1r.1)

A = §(and) — 5(9gij/0d )¢ !

a = /OmA (no sum on (ii))
a = \/gmg”Aj (no sum on (ii))

d/oT T
ﬁzm:a(%)_%

As a practical matter, we use this machinery in the followimagnner. We write down
an arbitrary & from which we formds? = ds- ds. We divide the expression fais® by
dt? to form (ds/dt)? and from this we fornT = (1/2)m(ds/dt)2. We then operate oh
according to the prescription,

1/d, 0T oT
n= @) o)

to obtainA;. From theA; we obtain theA' and from theA' we obtain the physical
components of acceleratioa, These expressions tell us how to write down correctly
the acceleration in our particular coordinate system.efae= mAy, we may also obtain
the generalized forces if we know the acceleratigmiori. In systems where a potential
energy functiony, exists and we can write,

ov
o

we can dispense with most of the machinery by defihing T —V and operating oh
according to the following prescription:

doL, o
dt'agk’  agk



These latter equations akagrange's Equations and they are the differential equa-
tions of motion of the system.
In problems with particle motion in electric and magnetid¢dée the Lagrangiar,,
becomes:
L=T-V—ep+(e/c)(A-v)

where e is the charge on the partialeis the electric potential is the magnetic vector
potential and/ is the velocity of the patrticle.

Example: Plane polar coordinates

A

& =f & =8
X1 = I cosd r=4/04+%)
Xo = I Sin® 0 = arctar{xz/x1)

0r /0%y = X1/4/ (X2 +x3) = cosd 0r /0%2 = Xo/ 1/ (X2 +X3) = sin®
00/0%1 = —Xo/ (X2 +%3) = —sinB/r  98/0xx = X1/ (X2 +x3) = cosB/r
0x1/0r = cosB 0x1/00 = —rsinB

0xp/0r = sinB 0x2/08 =r cosd

An Example of Generalized Coordinates

Coordinates are used to specify the position of a particlsgace. In a three-
dimensional space, we need three such coordinates. The @adesian coordinates
(x1,%2,%3) are an example. Spherical coordinates, cylindrical coatéis and plane po-
lar coordinates are alternatives that are sometimes usedidzr, for example, spherical
coordinategr, 6, @). Observe that while the Cartesian coordinates all have diloea
of length, onlyr in the set of spherical coordinates has dimensions of lemgtvton’s
Second Law of Motion can easily be expressed in Cartesiardcwies as

d?
F = mw = MX

where the second derivative a&f with respect to time will have the dimensions of
acceleration if Cartesian coordinates are used. But, howldiwe express the Second
Law if we use coordinates that may not even have dimensioriengfth? In what
follows we shall try to solve this problem once and for all &iradmissiblegeneralized
coordinates. The development is somewhat abstract and general, anll jiralbably be
useful to keep a concrete example in mind.

Consider spherical coordinates,

r=4/X+X5+x3
\/ X3+ %5
0 = arctaf——)

X3



X
@ = arctar —2) .
X1

Think of each of these as an example of the fap(w, X2, x3) = ¢ discussed in connec-
tion with the directional derivative. If is a constant, then a spherical surface is defined.
If ©is constant, then a conical surface is definedp i constant, then a half-plane is
defined. These surfaces intersect at a point whose cooedinat(r, 0, @). Define unit
vectors to lie along the lines of intersection of these si@$aand pointing in the direc-
tion of increasing coordinate. For exampieljes along the line of intersection of the
cone and the plane and points away from the origin, i.e. irdttextion of increasing

if @ and@ are held constant to define the constant surfaces (cone and)pBimilarly,

9 lies along the intersection of sphere and plane in the dimecf increasind. Finally,

o lies along the intersection of sphere and cone in the doeaf increasingp. See Fig.

1.

Observe the following:

1. f,8, @are unit vectors. They have unit length. In general, we veifiate unit vectors
associated with generalized coordinategia& ,&s.

2. (r,0,¢0) are an example of generalized coordinates. In general, Wedamote
generalized coordinates &3, 0°,¢°).

3. A small displacement of the particle is denotld If 8 and@ are held constant in
spherical coordinates, a small displacement resulting frachange im would be

ds(1) =drf.
Similarly, if r andg are held constant,
ds(2) = rdeé.
If r and® are held constant,
ds(3) = r sinBdgep.

4. A completely arbitrary displacement in spherical cooaties would be a vector
sum of these three,

ds= ds(1) +ds(2) +ds(3) = drf + rdeB +r sinbdqo.
If we form the dot productys- ds, we obtain
ds? = dr?+r2d6? + r?sir’ 8d¢?.

In general, we denote this quantity ds” = g;dg'dg!, where a double sum is
intended.

5. The velocity of the particle is immediately found in spbakcoordinates to be,

_gs_dr; r-+r @9+rsm9d(p

“at o a a®



FIGURE 1. The intersection of constant surfaces (sphere, cone, diiglaae) that define the spherical
coordinates of a point.

The square of the speed is,
V2 = 1241202 4 r2sir 6¢?.
In general, this latter quantity will be written,

Vv =gijdql.



6. Finally, the kinetic energy of the particle in sphericabadinates may be written,

T= %m\/2 = %m(f2+r292+rzsir1266p2).

In general, we will write,
T= }fngi'qiqj-
2 J
The pattern which is illustrated here for finding the kinetrergy will turn out to
be very important.

Generalized Coordinates

Imagine a set of generalized coordinatg$xi, x2,x3). When each is set equal to
a constant, a set of surfaces are defined for which the poimtefsection, P, has
coordinates{q%,, q%, q'f,). For spherical coordinates, the surface of constasita sphere,
the surface of constais a cone, and the surface of constegris a half-plane. The
cone of anglé,, intersects the sphere of radiysin a circle. The half-plane of constant
@p intersects the circle at a point. The generalized coordgitat uniquely define this
point, P, argrp, 6p, @p).

Now, define a set of unit vectors,, which are tangent to the lines of intersection
of the various surfaces taken two at a time in the same waytligatinit vectors in
spherical coordinates were defined. Thus defined, the udibremust form a linearly
independent set for the coordinates system to be “adméssibhe unit vectors are
not necessarily orthogonal, although, like the unit vestorspherical coordinates, they
often are. Unlike the unit vectors in a Cartesian systemdifeetions of the unit vectors
depend on the point at which they are defined. For examplehergal coordinates, the
unit vectorf has a different direction for different points in space dit®ction is given
by the tangent line along the intersection of the cone andéifeplane, but a® or ¢
varies, this tangent line varies in space.

An arbitrary vector may be expressed as a linear combinatfaadmissible unit
vectors,

a=a8 + & + a3k = aé.
The set of numbersy, are said to be thphysical components of a. The set of numbers,
q', are said to be thgeneralized coordinates of a particle in the system, but they do
not necessarily have dimensions of length. The coordinatest uniquely define the
position of the particle.

Generalized Basis Vectors
We now introduce a new set of basis vectors that have the saawtion as the unit

vectors, but are not necessarily of unit length nor dimeriegs. Consider a point of
intersection of the level surfaces such th%tand qf, are held fixed and only! is



allowed to vary. This defines the line of intersection of theu?face and the 3-surface
which we can describe as a paili). A tangent vector to this patl; is obtained by
differentiation,
by — 0s(1)

1= e

The partial derivative indicates thgt and g® are being held constant. The fastér
changes in space alosgl), the smaller will be the magnitude bf. Two other gener-
alized basis vectorgy andbs, are defined in a similar way.

In this contextds = ds(1) 4+ ds(2) + ds(3) represents a differential changk, to the
position of a particle at positiom, Thus, the partial derivatives imply that,

o 0s(1)
ot oqgt’
o 0s(2)
02 092’
o 0s(3)
o3 093
Therefore, we may write,
or

If these new basis vectors are “admissible,” then we may hismtas a basis for
expressing an arbitrary vectae,

a=b1Al + byA? + b3AS = biAi.

The coefficientsA!, are called theontravariant components of the vectora. They are
denoted with a superscript to establish a pattern for thet&im summation convention:
A repeated index, once as a subscript and once as a supgrdenptes summation.
Unless otherwise indicated, this convention applies henttethroughout this chapter.

Theorem

Theoremds = bidg.
Proof: Let ds = ds(lg + ds(2) + ds(3) be the infinitesimal displacement from
(a*, 9. ¢°) to (q' +dg', > +dg?,¢° + dg?). By the chain rule,

as—(i.)dqi.

ds= oq

(Sum on i.) But, by definitionp; = ds(i)/dq', sods = bjdqg'. QED.



The Metric Tensor

The inner (dot) product of two arbitrary vectoesandc may now be computed using
the generalized basis vectors:

a-c= (bjA) - (bjCl) = (b -bj)AC).

Thus, any inner product is characterized by the nine pradbgctbj. These may be
grouped together into a:33 matrix G called themetric tensor with componentsy;;
such that,

0ij = bi - bj.

Observe that the matrix is symmetrgg; = gji. (A tensor is a generalization of a vector.
Vectors and tensors are defined by their transformatioepettvhen one changes from
one coordinate system to another. In our present applicatie tensor property of the
metric tensor is not important.)

Theorem

Theoremds? = g;dg'dg. .
Proof: Since we have shown that we may wdte= b;dd', it follows that,

ds-ds=ds? = (b; -bj)dq'dq’ = gi;dq'dq’.
QED.

As a practical matter, we obtain the metric tensor by inspeaif the form ofds?.
For example, an arbitrary displacement in spherical coatés is written,

ds=drf +rd68 + (r sin6)¢.
Taking the dot product with itself, we have,
ds? = dr2 4 r2d@? + (r sin®)%d¢’.

Comparing to the fornds? = gijdqidqj, we obtain, by inspection,

1 0 0
G=| 0 r? 0
0 0 r2sinfd

We are now in a position to establish the relationship betwtbe unit vectors and
our generalized basis vectors. The length of one of the bastsrs is obtained from the
inner product of the vector with itself,

bil = V/bi-bi = | /g



(No sum on(ii).) Since the unit vectors are already known to have the sareetitin as
the basis vectors, we immediately have

o=
|| i
Theorem

Theorema; = /gG;A'. (No sum on(ii).)
Proof: . . .
a=biA = (/9i&)A = (/9i)A)a = ad.
Thus,a =, /ganA'. QED.

Reciprocal Basis Vectors

Set each of the generalized coordinaté@;l,xz,X3) =q () = ¢, where each con-
stant,c, defines a different surface. The gradients of these funetidithe Cartesian co-
ordinates are vectors that are normal to the respectivacesfat the poinigp, g3, 03),
ie., _ _

Og =b'.
The vectorsb', are calledreciprocal basis vectors. Two sets of basis vectors; and b',
are “reciprocal” if they satisfy the relationship,- b! = 6{. This relationship says that
bl is orthogonal to bottb, andbs. It also says that ib! has a large magnitude, then

its reciprocal b1, has a small magnitude. However, we must show that the rexapro
relationship is, indeed, satisfied.

Theorem

Theoremb; - bl = Bij.
Proof: The proof is a simple application of the chain rulee Bleneralized coordinates
are independent of one another. Hence,

Cor . OxK aqj aqj .
P J = — J = ——— = — = J .
bi-b oq Ha ogi 0x<  aq o

QED.

An arbitrary vectora, can be written in terms of reciprocal basis vectors just ds we
as it can be written in terms of unit vectors,

a= A;b! + AbZ2+ Ash® = Ab'.



The set of numberg);, are called theovariant components of a. The reciprocal basis
vectors do not necessarily have unit length nor are theyssac#y parallel to the
unit vectors, but they must be linearly independent if therdmate system is to be
admissible. The covariant componentaaire not the same as the physical components
of a nor are they the same as the contravariant components.

Theorem

TheoremA =b' - a. . .
Proof: We use the relationship)-bj = &,.

b'-a=b'- (Albj) = (b'-bj)Al = Al = Al
QED. In similar fashion, we can also shdw= b; - a.

Defineg’) = b' - bl. By doing so, we maintain a parallelism between the recigroca
basis vectors and the basis vectors. The elemeHtsform the matrixG—1 and are
called the contravariant components of the metric tensaligbnguish them from the
covariant components of the metric tengpy, Observe thaG 1, like G, is symmetric,
ie.g! =g

The covariant and contravariant forms of the metric tengeruseful in relating
covariant and contravariant components of vectors. Naé tthe pattern of notation
is consistent: an index repeated once as a subscript andagreesuperscript denotes
summation.

Theorem

TheoremA; = gj;Al.
Proof: , . .
A =b;i-a=b;-(bjA) = (bj-bj)Al = g;;Al.

QED. This important operation is called “lowering the index

Theorem

TheoremA = gllA.
Proof: _ _ o o N
A =b'-a=b"-(b'A;) = (b'-b')A; =g'A;.

QED. This important operation is called “raising the index.

The covariant and contravariant forms of the metric tensoiraverses of each other,

GiG=1,



or, .

gijg' =3
If you apply the combinatio5~1G in succession to an arbitrary vect@, will first
“lower the index” andG~—1 will turn around and “raise the index,” returning you to
where you began, so that the combination of the two, one tfeepother, acts exactly
as the identity operation. In practice, this property isduge find the contravariant
components of the metric tensor after the covariant commsrage extracted from the
form, ds? = gi;dg'dg.

Theorem

Theoremb; = gixbX.
Proof:

1. In an admissible generalized coordinate system, thenaal basis vectors must
form a linearly independent set of vectors. Thus, the seasidvectorsh;, can be
expressed as a linear combination of the reciprocal bastense

b = ai,-bj.
2. We have previously established that,
Oik = Oki = bk - bj
so, , .
Oik = bk - (aijb’) = ajj(bk-b')
= &;5, = aik.
3. We conclude, _
bi = gijb’.
QED.
Theorem
Theoremb' = g'ib;.
Proof:
1. We have established that, _
gijgd =&
bi = gijbj.

2. Hence, multiplying both sides of the latter §§ (and forming a sum indicated by
the repeated index), we have,

gbi = g“(gijb’) = b = b*.



3. We conclude, , -
b' = g”bj.

QED.

Theorem

Theoremdb; /dq} = db;/dq.
Proof: This symmetry of pattern merely reflects the fact thatorder in which partial
derivatives are taken does not matter:

ob; 0 or 0 or  0bj

o4~ oqaq odoq  aq
QED.

Since each of these nine partial derivati\xﬁ:ﬁ,/aqj are themselves vectors, we can
express each as some linear combination of either the unibrg reciprocal basis
vectors or basis vectors. We choose to express them as a tioedination of basis
vectors,

ob;

aq’
The numbers which form the coefficients of the sum generayettido dummy indexk
are called Christoffel symbols of the first kind.

= Kby

Theorem
Theorem:
ro_ g'k} agi!( agj.k B 09ij
' 2\ o9l a4 ok
Proof:
1. We have, by definition,
bi - bk = ik
bj-bx = gjk
bi-bj = gij.

2. Differentiate each of these expressions in turn to form,

o9, dbi dbi.
agi ' agi ' aq
agjk_b_ abk+0_t3j_

oq

k

bk

o ' oq



dgij , Obj 0b;
ogk bi agk + agK
and form the combination,

b;

Ogik , 99jk  0ij
ogl a9 agk’
. We have proved as an earlier theorem that
dbi _ 0b;

dgl ook

and,
db_ by
aq  ogk’
Thus, when we form the combination
00ik OQjk 00
A2 L ,
agl  aq  ogk
four terms add out and two combine. We are left with the result

gk , 99jk 99 _ ,0bi
g ag ag¢ ogl

. We may now use our assumption that

k-

Then,
Ogik , 99jk  0Gij _
aql  oq  agk
. It is tempting to solve fon"}j by dividing both sides of this expression bg;i@
but one must remember that the repeated ifdexlicates a sum of terms, not an
isolated term. In fact, what we are dealing with here are tyseven equations,
one for each of the combinations iofj, andk! The correct way to proceed is to
multiply both sides byg™, thus introducing an additional sum indicated by the
dummy indexk. We then use a result that we have already proved,

g™ g =",

2 jbi] - b = 2r;(by - b) = 27} gik.

Thus,
2g™<r! Ok = 25! j=2rp.

. We conclude,

1/00gik OQjk 00ij
m__ k= I 1K _ J )

=9 2<6q‘ g ok
QED.



In principle, once one knows the covariant and contravarianms of the metric
tensor, the Christoffel symbols can be calculated. In tlligensional space there are
twenty-seven of them. You will be relieved to know that for purposes this is a formal
result essential to the derivation of Lagrange’s equatibasfollow, but not one that we
will use as a practical tool.

APPLICATION TO ACCELERATION

The mathematics we have introduced can now be extendedenadelrections. It was
used by Albert Einstein as the original language of his GanEneory of Relativity
and a simple modification of it is also the basis of the mosgasié formalism of
the Special Theory of Relativity (see Chapter 10). The nmatteal formalism can
also be used to give general expressions for the divergenckand Laplacian in
generalized coordinates. However, our immediate purpede apply the formalism
to a particular vector quantity, the acceleration of a phetiand thus to reformulate
Newton’s Second Law of Motior; = ma, into a new form. The advantage of this new
form is that it is done in terms of generalized coordinatesthat the reader gets to
choose the most convenient coordinates for a problem withwdue concern about how
to write down acceleration properly in terms of the coortisahat have been chosen.
Newton’s Second Law is a vector equation which, when resbinéo components,
becomes a set of ordinary differential equations. The eégustvhich result from the
reformulation of Newton’s Second Law are called Lagrandg&siations, but they are
completely equivalent ordinary differential equationsiethdescribe the motion of a
particle. Our immediate purpose is to show the connectidwden Newton’s Second
Law and Lagrange’s equations. We shall first find the contramtcomponents of
acceleration, then “lower the index” to find the covariantnpmnents. Finally, we will
write the covariant form of Newton’s Second Law and show ftbata large class of
problems, the covariant components of Newton'’s Second tawagrange’s equations.

Contravariant Components of Acceleration

1. We begin with the expression for an arbitrary displacemds= dq'b;.

2. We divide both sides bgt. Observe that this is a division and not the process of
differentiation, but the outcome is to tuds into a velocity,

_dS_ dipe
_a_qb,.

3. To obtain acceleration, we must differentiatevith respect to time, but we must
note that as the particle moves, the basis vectors chanpetsvigosition and must
therefore be considered functions of time. Hence,

dv . dbj

_ 2V _4ip huind}
T odt Gbi+q dt

\

a



. To computalb; /dt, we can apply the chain rule,
dby _ b dg) _;0b;
dt  ogl dt —4 aql”’
From this, we conclude,
a= by +da! 5 = b+ dairb

or, L
a=[§“+q¢rbc = Aby.

From this expression, we identify the contravariant congpds of acceleration as,

A= +dglrk.

Covariant Components of Acceleration

. To obtain the covariant components of acceleration, weelahe index using
A= giA~. ) ) i
A = giA = gid* + gl i9'q’ .

. We may use the expression which we have just derived faCthistoffel symbols

to write,
0Gin N 0gjn 0]
aqg)  aq aq" /)’

1
glkrh' = églkgkn (

Observe,
akgd" = 3",

so that we can write,

k 1./ 0Gin , 0Qjn 0Gij
901 =% 591 g o

1 agil+agjl_agij
2\ogl  og od /-

1 (agn ogji _ agij) da.

. Thus,

. skoo+ |
In principle, the covariant components of the acceleratammbe obtained from this
expression once the covariant form of the metric tensor @wkmn Again, this is a
formal result that is essential to our derivation, but no¢ dmat we will use as a
practical tool.



A Better Form for the Covariant Components of Acceleration

We now begin to change the form of the covariant componeras@éleration to put
them into a form that is a practical tool. Consider the firstten the expression we have
just derived forA;, namely,

aid*.
Observe that this term arises in the expression,
d ..k 6g|k m.k
dt(glkCI) ik +0qmq a’,

where we have used the chain rule in the second term on thietoigbtain

001k .

gt (9 = aqmq

A renaming of dummy indices (in the second term below) imratsdy yields,

d ..k ag” ]
dt(gIkQ) O+ 57 qa’.
We may now write,
o d -k ag” ]
A= 5 (Owd) - oq -4
ogii , 09j1  09ij\ .i.j
2 <6q‘ Tag ad )T

Observe that by simply switching dummy indices and usingfalee thatg; = g;;, we
can show that 5 5 o

991 sii _ 99l 991
These equalities may be used to eliminate the middle threestand to reduce our
expression foA to

gl

_d k106G i
Al—a(gle) éa—qqu

Newton’s Second Law in Covariant Form

Finally, we arrive at the point of our entire excursion intiffetential geometry!
The covariant components of Newton’s Second LawFRare- mA. In some texts, the
covariant components of forc€y, are called generalized forces. In terms of physical
components, of course, Newton’s Second Law is the familiar may.

1. Observe that o
ds? = gi;jdq'dg’



and that, therefore, we may write the kinetic enefigyof a particle as,

T= (a) —ngqu

2. Observe further that if we take the view of generalizeddmates and generalized
velocities as independent variables for purposes of tagsangal derivatives,

oT 1 6g.J s
ok~ 2 aqqu
oT ¥
a—qkzmgikq,

and,
dor, d d
&(a_qk) = ma(gle) dt (gk.q)

(The factor of one-half disappears in the latter two expoessbecause there is a
double sum in the expression for T. If you have trouble setiiggyou should write
out a short double sum so that you see it works.)

3. We may therefore write,

d 1 0gj..j_d.oT oT
R =mA =mg (glkCI) 2Maq 49 = dt(aq') o

Newton’s Second Law, written in covariant form is,

d oT  0dT
R = a(a_q'> T

This is a perfectly general result. The primary difficultythvit is knowing how to
write downR.

Lagrange’s Equations

If we narrow ourselves to a class of problems that satisfiesatiditional conditions
we arrive at a remarkable result. If the system we are desgrib “conservative” so that
we may define a potential energy functidf such that

andV depends only on the generalized coordinates and not on tiegajized velocities,
g, then we may simplify the covariant form of Newton’s SeconavL#/e may write,

dor or_ v
dt'aq’ o9  oq



do(T—V) o(T-V)

dt og og 0

(SinceV does not depend on the generalized velocities, it may fdyrbalincluded in
the first term without making any difference.) We now defireegb-called “Lagrangian”,

L,
L=T-V
and write
dooL o
dt'oq’ o

These are Lagrange’s equations and they are very impont#meoretical mechanics.

1.

2.

Lagrange’s equations are just the components of New&etend Law for conser-
vative systems written in a different and probably unfaaniform.

The equations that are obtained by operating on the Lggmaraccording to the
prescription of Lagrange’s equations are ordinary difiéied equations. They are
the “equations of motion” of the system. Solutions of theatmns are models of
the motion of the system.

. Much of the intervening machinery used to derive the aguatdisappears and

does not return. For example, we do not directly use (for aupgses);, b', Fikj,

org'l. These were introduced in order to derive Lagrange’s equsimd to show
their connection to Newton’s Second Law.

. T andV are usually easy to write down correctly and once writtenmtead to the

differential equations of the system in a very methodical.wa

PROBLEMS

. Do the following:

- Draw a diagram (in two dimensions) of a particle whose posits specified
by plane polar coordinate§,8). Show the unit vector§ and 6 on your
diagram and clearly label them.

« Express an arbitrary differential displacemdstn terms of these coordinates
and show this displacement on your diagram. Fistl= ds- dsin terms ofdr
andd@ and extract fronds? the metric tensog;;. Display the metric tensor
as a 2x 2 matrix. Usingds?, write down the kinetic energy of the particle in
terms ofr and@ and their time derivatives.

- Determineg'/ and display as a 2 2 matrix.

- Determine the covariant, contravariant and physical carepts of the ac-
celeration of the particle. Show how these might appear omagram. (The
diagram is only to be qualitative, i.e. it need only indicdteections of the
vectors and whether the vectors have unit length or not.)



- Let a particle move on a circle of constant radiu$Vhat is the radial compo-
nent of acceleration (physical)? What is the transversepcor@nt?

« A bug crawls outward with constant speegl along the spoke of a wheel
which is rotating with constant angular speed-ind the radial and transverse
components of the physical acceleration as functions d.tlssume = 0 at
t =0. (Ans:a, = —\Vgtw?, ag = 2Vpw)

2. Cylindrical coordinates are defined ky=r cos, y = rsinf, z= z. Calculate the
metric tensor, physical velocity and physical accelergiticcylindrical coordinates.
3. Do the following:
- Beginning with Newton’s Second Law,

d oT oT

a(a—qk)_a—qk:&’

show that ifF, can be expressed in the form,

_ ov 1.2 ~3
Fc= aqk(q,q,q),

then,
d oL oL
ot ek " agk ~
q aq
« For the one-dimensional harmonic oscillator, we can wWite- —kx. Show
thatV = %kxz. Define the functionL = T —V and obtain the differential
equation of the simple harmonic oscillator{+ kx = 0.

4. Obtain the differential equations of motion for a tethall.{Spherical coordinates.
Observe that the tether line has constant length. The sys&snonly two degrees
of freedom and there will only be two differential equatia@isnotion. The length
of the tether appears as a constant in the Lagrangian.)

5. Obtain the differential equations of motion for a projeadn a flat earth. (Cartesian
coordinates)

6. Obtain the differential equations of motion for the eartnotion about the sun.
(Plane polar coordinates)

7. Obtain the differential equations of motion for a padisioving without friction on
the inside of a cone. The cone is parameterized in cylindcmardinates ag= ar.
Write the equations in terms of f andr by eliminatingz.

8. Obtain the differential equations of motion for a pasdisliding without friction
from the top of a hemispherical dome. (Plane polar coordmathe particle does
not separate from the dome. The system has only one degresedbin since the
radius of the motion appears as a constant in the Lagrangian.

9. Consider an inclined plane consisting of a right-tridagahaped block that is free
to slide on its bottom along a frictionless horizontal saefalf the incline slopes
toward the right, the left-hand edge of the block is verti€fine a coordinate
X that keeps track of the position of this vertical side. Nowt pnother block
on the inclined plane so that it slides down the plane (witoation) under the



influence of gravity. Keep track of the second block’s positwith a coordinate
measured from the top of the inclined plane. Obtain the idiffeal equations of the
motions of both blocks and solve them directly for the acegiens(x, X) of each.
(Unusual, nonorthogal coordinates. This problem intredua problem not found
in the previous ones. Here there are two masses. In such atleadeagrangian is
written simply as the sum of the the two independent kinetiergies of the two
objects minus the sum of the two independent potential &grghe system has
two degrees of freedom.)



